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1 Introduction 

During the last decade there was a great improvement in the understanding of A/" = 4 super 
Yang-Mills theory due to integrability techniques, culminating in a proposal where the anomalous 
dimension of any operator can be computed at any coupling [I]. The crucial point of this advance 
was the realization that the computations of anomalous dimensions could be systematically done 
by studying the dilatation operator of the theory EE]. For a general review and an extensive 
list of references, we recommend [1]. An alternative to the TEA approach not covered in [1], the 
Quantum Spectral Gurve, was developed in [5l [6]. For some of its applications, including high 
loops computations, see [3 [g El nni nn [12] 

On the string theory side it is that known the world sheet sigma-model is classically integrable 
However, it is not yet known how to fully quantize the theory, identifying all physical 
vertex operators and their correlation functions. In the case of the pure spinor string it is known 
that the model is conformally invariant at all orders of perturbation theory and that the non-local 
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charges found in [T3] exist in the quantum theory [15]. In a very interesting paper, [16] showed 
how to obtain the Y-system equations from the holonomy operator. 

Another direction in which the pure spinor formalism was used with success was the quanti¬ 
zation around classical conhgurations. In ini it was shown that the semi-classical quantization 
of a large class of classical backgrounds agrees with the Green-Schwarz formalism. This was 
later generalized in [T8l[T9]. Previously, Mazzucato and one of the authors [ 20 ] attempted to use 
canonical quantization around a massive string solution to calculate the anomalous dimension 
of a member of the Konishi multiplet at strong coupling. Although the result agrees with both 
the prediction from integrability and Green-Schwarz formalism, this approach has several issues 
that make results unreliable | 21 ] 1 ^ 

An alternative and more desirable approach is to use GFT techniques to study vertex oper¬ 
ators and correlation functions since scattering amplitudes are more easily calculated using this 
approach. A hrst step is to identify physical vertex operators. Since the pure spinor formalism 
is based on BRST quantization, physical vertex operators should be in the cohomology of the 
BRST charge. For massless states, progress has been made in [22l |23l |2ll |25] . For massive states 
the computation of the cohomology in a covariant way is a daunting task even in flat space |26j . 

A simpler requirement for physical vertices is that they should be primary operators of di¬ 
mension zero for the unintegrated vertices and primaries of dimension ( 1 , 1 ) in the integrated 
case. Massless unintegrated vertex operators in the pure spinor formalism are local operators 
with ghost number (1,1) constructed in terms of zero classical conformal dimension fields |27j . 
So for them to remain primary when quantum corrections are taken into account, their anoma¬ 
lous dimension should vanish. Massless integrated vertices have zero ghost number and classical 
conformal dimension (1,1). Therefore they will also be primaries when their anomalous dimen¬ 
sion vanishes. Operators of higher mass level are constructed using helds with higher classical 
conformal dimension. For general mass level n (where n = 1 corresponds to the massless states) 
the unintegrated vertex operators have classical conformal dimension (n — 1, n — 1). If such vertex 
has anomalous dimension 7 , the condition for it to be primary is 2n — 2 -|- 7 = 0. The case for 
integrated vertex operators is similar. For strings in flat space 7 is always which is the 
anomalous dimension of the plane wave This reproduces the usual mass level formula. 

This task of computing 7 can be made algorithmic in the same spirit as the four dimensional 
SYM case [21 [3] . However, here we are interested in finding the subset of operators satisfying the 
requirements described above. The value of the energy of the corresponding string state should 
come as the solution to an algebraic equation obtained from this requirement. However we do 
not expect the energy to be simply one of the parameters in the vertex operator. The proper 
way to identify the energy is to compute the conserved charge related to it and apply it to the 
vertex operator. 

In this paper we intend to systematize the computation of anomalous dimensions in the 
worldsheet by computing all one-loop logarithmic short distance singularities in the product of 
operators with at most two derivatives. To hnd the answer for operators with more derivatives one 

^The authors would like to thank Martin Heinze for discussions on the subject. 
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simply has to compute the higher order expansion in the momentum of our basic propagator. We 
used the method applied by Wegner in |2B] for the 0{n) model, but modihed for the background 
held method. This was already used with success in [2S1 ED] for some Z 2 -super-coset sigma 
models. The pure spinor string is a Z 4 coset and it has an interacting ghost system. This makes 
it more difficult to organize the dilatation operator in a concise expression and to hnd a solution 
to 

D-O = 0. ( 1 . 1 ) 

We can select a set of “letters” among the basic helds of the sigma model, e.g. the AdS 

coordinates, ghosts and derivatives of these helds. Unlike the case of M = 4 SYM, the worldsheet 
derivative is not one of the elements of the set, so helds with a diherent number of derivatives 
correspond to diherent letters. Then 2) is of the form 







( 1 . 2 ) 


Local worldsheet operators are of the form 

O = • • • , (1-3) 

the problem is to hnd Vabcde- such that O satisfy (II.ip . Another important diherence with 
the usual case is that the order of letters does not matter, so O is not a spin chain. 

The problem of hnding physical vertices satisfying this condition will be postponed to a future 
publication. Here we will compute D and apply it to some local operators in the sigma model 
which should have vanishing anomalous dimension. The search for vertex operators in AdS using 
this approach was already discussed in ED but without the contribution from the superspace 
variables. The author used the same “pairing” rules computed in [28] . 

This paper is organized as follows. In section 2 we describe the method used by Wegner in 
[28] for the simple case of the principal chiral held. This method consists of solving a Schwinger- 
Dyson equation in the background held expansion. In section 3 we explain how to apply these 
aforementioned method to the pure spinor AdS string case. The main derivation and results 
are presented in the Appendix B. Section 4 contains applications, where we use our results 
to compute the anomalous dimension of several conserved currents. Conclusions and further 
applications are in section 5. 


2 Renormalization of operators in the principal chiral 
model 

The purpose of this section is to review the computation of logarithmic divergences of operators in 
principal chiral models using the background held method. Although this is standard knowledge. 
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the approach taken here is somewhat unorthodox so we include it for the sake of completeness. 
Also, the derivation of the full propagators in the case of AdS^ x is analogous to what is done 
in this section, so we omit their derivations. 

Consider a principal model in some group G, with corresponding Lie algebra g, in two dimen¬ 
sions. The action is given by 


S = 


1 

27ra‘^ 


d'^zTr dg ^dg, 


( 2 . 1 ) 


where a is the coupling constant and g E G. Using the left-invariant currents J 
dehning y/X = Ija^ we can also write 


g ^dg and 


S =— j d^zTi JJ. (2.2) 

27r J 

The full one-loop propagator is derived from the Schwinger-Dyson equation 

{5,S0{y)) = {5,0{y)), (2.3) 

where 5z is an arbitrary local variation of the fundamental fields and 0{y) is a local operator. This 
equation comes from the functional integral dehnition of (■ ■ ■). In order to be more explicit, let 
us consider a parametrization of g in terms of quantum fluctuations and a classical background 
9 = where g^ is the classical background, X = and 5a ^ 0 are the generators of 

the algebra. Then a variation of g is given by 6g = gSX, and SX = (5X“5a where we have 
the variation of the independent helds Also, the variation of some general operator O is 
60 = j^6X^. Then we can write the Schwinger-Dyson equation as 



and now it is clear that this is a consequence of the identity 

( 2 . 5 ) 

In the case that 0{y) = X{y) we get the Schwinger-Dyson equation for the propagator 

This is a textbook way to get the equation for the propagator in free held theories and our 
goal here is to solve this equation for the interacting case at one loop order. The perturbative 
expansion of the action is done using the background held method. A hxed background go is 
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chosen and the quantum fluctuation is deflned as g = . The expansion of the current is 

given by 

J = e-^Je^ + e-^de^, (2.7) 

where J = g^^dgo is the background current. At one loop order only quadratic terms in the 
quantum held expansion contribute and, as usual, linear terms cancel by the use of the back¬ 
ground equation of motion. This means that we can separate the relevant terms action in two 
pieces S = S(o) + *S'( 2 ). Furthermore, 5 ( 2 ) contains the kinetic term plus interactions with the 
background. So we have 


5 


>S'(0) + >S'kin + 5 


int' 


( 2 . 8 ) 


If we insert this into fl2.6p the terms that depend purely on the background cancel and we are 
left with 


:x\y) + ) = mv - 


5X<^{z) 5X<^{z) 

Since = —^ddX^-^z) and is linear in quantum fields we can write 


(2.9) 


SX<^(z) 


- y^aA{X‘(z)X‘'(v)} + y = ri'^SHy - z). (2.10) 


Finally, this is the equation that we have to solve. It is an integral equation for {X°‘{z)X^{y)) = 
G“^( 2 ;, y) which is the one-loop corrected propagator. The interacting part of the action is 


Q f j2 

Sir,± = — / d z 


271 


--Tr([5X,X]J) - -Tr([aX,X]J) 


( 2 . 11 ) 


where the boldface fields stand for the background fields. 
Now we calculat^ 


SX-(w)SX-(z) ” 

which is symmetric under exchange of {a,z) and (c, w), as expected. We define So 

we get the following equation for the propagator 

dAG^^z.y) = - j) + y {dA\z,v))r + dA‘\z,v)J‘) . (2.13) 

^ Using the equation of motion for the background dJ + dJ = 0. 
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Performing the Fourier transform 


we finally get 


(2.14) 


TT I I c) c) 

- (a + 2^) «"(*-■ '=) -(r + 2^) «"(*-■ '')■ 

The dependence on one of the coordinates remains because the presence of background helds 
breaks translation invariance on the worldsheet. We can solve the equation above iteratively in 
inverse powers of k. The hrst few contributions are given by 


G^^^z, k) 


j^ab ^ 


mf^ 


VXW 2^^\\k\^ 


ce ^cb 


4^/\ 

71 


r r 

k ^ k 


^ ' -■= t/ I T-e t/\ I ^ T-e t/ ^ 




^db ja 


1 1 


^ i,if ( ) + 

2\/A \k\^ \k^ k^ 


(2.16) 


With this solution we can hnally do the inverse Fourier transform, 

/d‘^k 


(2.17) 


to calculate G‘^‘^{z,y). If we are only interested in the divergent part of the propagator we can 
already set z = y. Furthermore, selecting only the divergent terms in the momentum integrals 
we get 


{X-{z)X\z)) 

{X^{z)dX\z)) 

{X<^{z)dX\z)) 

{X^{z)ddX\z)) 

{X^{z)ddX\z)) 


If 


Ta 


If 

2 yA 

If 


ndcfa je 

V Jde'^ 1 


2 yA 




If 




r^r^frcArr + rj^]. 




2 yA 


d^A 


(2.18) 

(2.19) 

( 2 . 20 ) 
( 2 . 21 ) 
( 2 . 22 ) 
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(2.23) 


{x‘‘(z)3Bx-(z)) = - 


where 


I = 


1 f 

= lim 


27re x^y J 47r2 

in d = 2 + e dimensions, using the standard dimensional regularization 
{dX°‘dX^) + {X°'d'^X^) we can further compute 

{ax'‘(z)ax‘'(z)) = - 

{dx'‘(z)dx\z)) = - + J’r)- 


(2.24) 

Since d{X°-dX‘^) = 


2 x/A 


4V^ 


(2.25) 

(2.26) 


From now on (■) will mean only the logarithmically divergent part of the expectation value. 
A simple way to extract this information is by dehning 




for any local operator O. Furthermore, we dehne 




(2.27) 


(2.28) 


Following [3T] we will call it “pairing” rules. For local operators these two dehnitions always give 
two delta functions, effectively setting all helds at the same point. So the computation of (•) can 
be summarized as 

1 rP 

{0) = -{X^X^)- - 0 = 2 ) 0 , ( 2 . 29 ) 


where 


dX^dX^ 

1 (9^ 


is the dilatation operator. We can also dehne (•, •) as 


(O , O') = {X^X^) 


dO dO' 
dX^ dX^ ■ 


(2.30) 


(2.31) 


With the above dehnitions, the divergent part of any product of local operators at the same 
point can be computed using. 


(OO') = (0)0' + 0(0') + (0,0'). (2.32) 

Several known results can be derived using this simple set of rules. Following this procedure in 
the case of the symmetric space SO{N + l)/S'0(iV) gives the same results obtained by Wegner 
[28] using a diherent method. 
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3 Dilatation operator for the AdS^ x superstring 


In this section we will apply the same techniqne to the case of the pure spinor AdS string. We 
begin with a review of the pure spinor description, pointing out the differences between this 
model and the principal chiral model, and then describe the main steps of the computation. 


3.1 Pure spinor AdS string 

The pure spinor string [26l fT4l 115] in AdS has the same starting point as the Metsaev-Tseyltin 
[32] . The maximally supersymmetric type IIB background AdS^ x is described by the super¬ 
coset 


G _ PSU{2,2\4) 

H ~ ^0(1,4) X 50(5)' 


The pure spinor action is given by 


Sps = 


27r 


d'zSTr 


1-1-3- 

—J 2>^2 + + cuVA -|- a)VA — NN 


where 


V-=a-+[Jo,-], iV={^,A}, iV={a;,A}. 


(3.1) 


(3.2) 


(3.3) 


There are several difference between the principal chiral model action and (13.2p . First, the 
model is coupled to ghosts. The pure spinor action also contains a Wess-Zumino term, and the 
global invariant current J belongs to the psu(2,2|4) algebra, which is a graded algebra, with 
grading 4. Thus we split the current as J = A -|- Ji -|- J 2 -|- J 3 , where A = Jq belongs to the 
algebra of the quotient group H = S'0(l,4) x S0{5). The notation that we use for currents of 
different grade is 


Jo=J^T, ; = ; J 2 = J^Tm ; A = (3.4) 

The ghosts helds are dehned as 

X=X^Ta ; oj = -ojaA^T^ ; X = X^Tj^ ; u = Ubv''^Tb. (3.5) 

Note that A and A' indices on the ghosts mean a and d, but we will use a different letter in 
order to make it easier to distinguish which terms come from ghosts and which come from the 
algebra. The pure spinor condition can be written as 


{A,A} = {A,A} = 0. 


(3.6) 







Following the principal chiral model example, we expand g around a classical background go 
using the g = goe^ parametrization. It is worth noting that X = xq + Xi + X 2 + X 3 belongs to 
the p 5 u( 2 , 2 | 4 ) algebra, but we can use the coset property to £x xq = 0. With this information 
the quantum expansion of the left invariant current is 


i=l 


A =A + 3^4-*] + X [Vx*, a;4-j] ) + [[Ji, ^j], xs-i-j ], 




Ji=Ji + Vxi + 5]] ( [J*, Xi+i-i] + - [Vxi, X4+i_i\ \ + ^ [[Ji, Xj ], xs+i-i-j ], 

i=l k / ij=i 


(3.7) 


A =A + S\, 
U =(jJ + 5uj, 
A =\ + 5\, 

U! =U} + 6 u. 


Where we take Xq = 0 as mentioned before, and we used go ^dgo = J = A + J 1 + J 2 + J 3 . 
The boldface terms stand for the background term, both for the currents and for the ghost fields. 

Using all this information inside the action we get 




PS 
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-X x'^X X^gmn — X X^X x'^gaa + Su^dSX^ + Sojjpsy 


+ s, 


int‘ 


(3.8) 


The full expansion can be found in the Appendix C. In order to compute the logarithmic 
divergences, we need to generalize the method explained in section 2 for a coset model with 
ghosts. The following subsection is devoted to explain this generalization. 


3.2 General coset model coupled to ghosts 

In this subsection we generalize the method of Section 2 to the case of a general coset G/H and 
then specialize for the pure spinor string case. We will denote the corresponding algebras g and 
p, where 1) should be a subalgebra of g. The generators of g — 1) will be denoted by where 
a = 1 to dimg — dimf, and the generators of p will be denoted by T* where i = 1 to dimj,. We also 
include a pair of first order systems and (X^',( 2 )b') transforming in two representations 

(T*^, T*^,) of p. We will assume that the algebra g has the following commutation relations 

+ ir.,r,| = /‘n, (3.9) 

where 7 ^ 0 for a general coset and = 0 if there is a Z 2 symmetry, i.e., G/H is a symmetric 
space. As in the usual sigma model g G G/H and the currents J = g~^dg are invariant by 
left global transformations in G. We can decompose J = J°‘Ta + A®Tj where J°'Ta G g — 1) 
and A*Tj G t). With this decomposition K transforms in the adjoint representation of 1) and A 
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transforms as a connection. We will also allow a qnartic interaction in the first order sector. 
Defining TV* = and iV* = the interaction will be /TWiVj where /T is a new 

conpling constant that in principle is not related with the sigma model conpling. 

The total action is given by 

S = (^Tr (J-Al)(J-A) TwaVA^ + wa'VA^' +/TiV*w) , (3.10) 

where (V, V) = (<9 — , d — A''Ti'^) are the covariant derivatives for the hrst order system 

ensnring gange invariance. 

The backgronnd held expansion is different if we are in a general coset or a symmetric space. 
Since we want to generalize the results to the case of AdS^ x S^, we will use a notation that keeps 
both types of interactions. Again, the quantum coset element is written as g = where go 
is the classical background and X = X“Ta are the quantum huctuations. Up to quadratic terms 
in the quantum huctuation the expansion of the action is 

S=So + j d^z - Z^bcJ^X^VX^ - ZabJ'X^VX^ + RabcdJ^j’^X^X^ 

+5uAd5X^ + SuA'dSX^' + + A*W + P ({dA, u} + {A, du})" (^{dA, cj } + {A, dD}) ) , 

(3.11) 


where the covariant derivatives on X are (9 — [A, • ], (9 — [A, • ]). The tensors {Zabc, Zabc, Rabcd) 
appearing above are model dependent. In the case of a symmetric space Z = Z = Q and 
Rabcd = fabficd- In the general coset case Zabc = Zabc = \fabc- If there is a Wess-Zumino term, 
the values of Zabc and Zabc can differ. Since we want to do the general case, we will not substitute 
the values of these tensor until the end of the computations. In the action above the quantum 
connections have the following expansion 


A' + J“A'‘ + + W‘^J‘X‘‘X‘ + ■■■ 

(3.12) 

A‘ + /•„ J“A‘ + i/:VA“A'' + H':,, J-A^A- + ... 

(3.13) 


where Wahc = \f^bfdc 1°^ ^ general coset and vanishes for a symmetric space. 

To proceed, we have to compute the second order variation of the action with respect to 
the quantum helds. The difference this time is that there are many more couplings, so we 
expect a system of coupled Schwinger-Dyson equations, corresponding to each possible corrected 
propagator. For example, in the free theory approximation there is no propagator between the 
sigma model fluctuation and the first order system, but due to the interactions there we may 
have corrected propagators between them. 

Since a propagator is not a gauge invariant quantity, it can depend on gauge dependent 
combinations of the background gauge helds (A*, A*). Furthermore, since we have chiral helds 
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transforming in two different representations of f) it is possible that the qnantnm theory has 
anomalies. In the case of the AdS^ x string sigma-model it was argued by Berkovits [U] that 
there is no anomaly for all loops. An explicit one loop computation was done in [53] . Therefore it 
is safe to assume that the background gauge helds only appear in physical quantities in a gauge 
invariant combination. The simplest combination of this type is Tr[V, V]^. Since the classical 
conformal dimension of this combination is four and so far we are interested in operators of 
classical conformal dimension 0 and 2, we can safely ignore all interactions with (A*, A*). 

We will assume a linear quantum variation of the hrst order system, e.g., —)■ 

Instead of introducing more notation and a cumbersome interaction Lagrangian, we will simply 
compute the variations of these helds in the action and set to their background values the 
remaining helds. 

With all these simplihcations and constraints in mind, let us start constructing the Schwinger- 
Dyson equations. First we compute all possible non-vanishing second variations of the action 


6 ^S, 


int 






int 


6 X^6 ub 

6X^6X^' 

d^Sint 

dX^dCjB' 

d^Sint 

dX^'dCjB' 

d^S,nt 

dX^'dX<^ 

d^Sint 

dX^'dUB 

S‘^S,nt 

dX‘^dUB 

dX<^duB> 
d^S,nt 
duj ji^dCj B> 


d‘^{z 

d^d^ 

d^{z 

d‘^{z 

d‘^{z 

d‘^{z 

d‘^{z 

d^{z 

d^{z 

d‘^{z 

d‘^{z 

d‘^{z 


w) [j^J^Rcdab + Rcd,a) + 

- w)[Z,al>y + - d^d\z - w)[Z,abr + 

+ 

(3.14a) 

(3.14b) 



(3.14c) 



(3.14d) 



(3.14e) 



(3.14f) 

w){Tiu)A'fLj\ 


(3.14g) 



(3.14h) 



(3.14i) 

flJ\ 


(3.14j) 

w)i3{xr)\^^i)^'■ 


(3.14k) 


We are going to denote these second order derivatives generically as I-ea{z,w) where S and 


A can be any of the indices 


B, 


'). Also, the quantum helds will be denoted by <I)^(z). 
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(3.15) 


With this notation the Schwinger-Dyson equations are 


6 S, 


kin 




$^(l/)) + / d^w 


6 ^S.. 


int 






Note that the only non-vanishing components of are 77“^, 6 ^ and 5^',. Since the type and 
the position of the indices completely identity the held, the propagators are going to be denoted 
by G^^{z,y) = {^^{z)^^{y)). Since we hve different types of helds, we have hfteen coupled 
Schwinger-Dyson equations to solve. Again we have to make a simplihcation. Interpreting 
(A"^, as left and right moving ghosts and knowing that in the pure spinor superstring uninte¬ 
grated vertex operators have ghost number (1,1) with respect to {G,G), we will concentrate on 
only four corrected propagators {X'^{z)X^{y)), {X°-{z)X^{y)), {X^{z)X^'(y)) and {X^{z)X^'(y)). 
As in the principal chiral model case we are going to solve the Schwinger-Dyson equations hrst 
in momentum space. It is useful to note that since we will solve this equations in inverse powers 
of k, the hrst contributions to the corrected propagators will have the form 




rj 




{uaX^) ^ Y ’ 


xB' 

{d^A'X^') ^ -f. 

k 


(3.16) 


Regarding {A, A') as one type of index we can arrange the whole Schwinger-Dyson equation 
into a matrix notation with three main blocks. Doing the same Fourier transform as before we 
get a matrix equation that can be solved iteratively 


Gi =/^ + (Fsr + Asr)G^ ^ 


rx 


(3.17) 


where 


7-t _ 

-'s — 


0 0 \ 
0 0 
V 0 0 / 


Rsr = 


525, 


int 




Asr — 


dd I -d I -8 

\k\2 ^ G 

0 

0 


0 0 
-4 0 
0 4 


(3.18) 


(3.19) 


All elements of the interaction matrix F^r are shown in Appendix C. As in section 2, the solution 
to equation (I3.17jl is computed iteratively 


= II g (^4 = FE14 


(3.20) 


and so on for higher inverse powers of k. 


3.3 Pairing rules 

As discussed in the introduction and Section 2, the computation of the divergent part of any 
local operator can be summarized by the pairing rules of a set of letters {4>^}- The complete 
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set of these pairing rules can be found in the Appendix C. If we choose a set of letters such that 
(0^) = 0, then the divergent part of the product of two letters is simply 

(0V) = 0'^). (3.21) 


We computed the momentum space Green function up to quartic inverse power of momentum 
so we must restrict our set of letters to fundamental helds up to classical dimension one. The 
convenient set of letter we will use is 


{0^} = K, xf, J“, Jf, Ji, 4, 4, 4, 4, 4, A^, A^, N\ W}. 


(3.22) 


If we extend the computation to take into account operators with more than two derivatives 
the set of letters has to be extended to include them. The matrix elements of the dilation 
operator 2)^*^ = (0^, 0*^) are the full set of pairings described in Appendix C.4. To avoid 
cumbersome notation, the pairing rules are written contracting with the corresponding psu(2, 2|4) 
generator. The computations done in next section are a straightforward application of the 
differential operator 


2 ) 



d'^ 


on a a local operator of the form O = Vp q r s t-44°^44(4 ' ‘ ‘ • 


(3.23) 


4 Applications 

In this section we use our results to prove that certain important operators in the pure spinor 
sigma model are not renormalized. The operators we choose are stress energy tensor, the con¬ 
served currents related to the global PS'17(2,2|4) symmetry and the composite 6-ghost. All 
these operators are a fundamental part of the formalism and it is a consistency check that they 
are indeed not renormalized. All the computations bellow are an application of the differential 
operator (13.2311 . We use the notation {O) ='D ■ O. 

4.1 Stress-energy tensor 

The holomorphic and anti-holomorphic stress-energy tensor for (13.211 are given by 


T =STr Q J2J2 + JiJz+ ojV)^ , (4.1) 

f =STr 444 + 44 + wVA j . (4.2) 
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For the holomorphic one 

(T) =STr Q( J2, h) + (Ji, h) - iV(Jo)) 

=STr Q[A^,T™][A^,T„]r7™- - [N,T^][N 

+ \n ({[Ar,T^],Tjr;““ - {[N,T^lT^}r^ + [[AT,T^], 


=0. (4.3) 

We used the results in flC.102IIC.127p and the identity fIB.Sp . A similar computations happens to 
the antiholomorphic T, where now we use the results in flC.103IIC.128p and the identity fIB.Op . 


4.2 Conserved currents 


The string sigma model is invariant under global left-multiplications by an element of psu(2, 2|4), 
6g = Ag. We can calculate the conserved currents related to this symmetry using standard 
Noether method. The currents are given by 


j —g (^^2 + -^3 + — 2A^^ g ^ 

3 =9 (^2 + -^3 + — 277^ g ^ 


9^9 \ 
9Ag~^. 


(4.4) 

(4.5) 


They should be free of divergences. To see that this is the case, it is easier to compute by 
parts: 

{ 3 ) ={g)-^go^ + {9-,^)go^ + {9^-,g ^)+9o{^-,g ^)+goA{g ^)+gQ{A)gQ^. (4.6) 


We have dehned {AB, C) as usual, but taking B as a. classical held, thus {AB, C) = (A, BC). 
From fIC.lOip we get (A) = 0, and using fIC.lOOp we obtain 


1 


-1 


{ 9)^90 +{ 9 A 9 ) + 9aM9 ) =2^o([[A,X] ,X])^o 

=lj„ {[[A, T „], T„]rr + {|A. U], T„}rr 
-{lA,TJ,rU>)““)9o'. 

For the currents, using the results flC.1061IC.llip . 

goHg, Ji) + {Ji.gAga = - - {[j3,T^],Tjr/““ + {[n^t^W 

ga\g. J 2 ) + {J2,9-^)9o = - [[J3,Tm],Tnr + [[N,TATn]v^^, 

go\g, J 3 ) + {J3,9-^)9o = - {[N,TATAg-^ 

So‘(s.A') + (A'.Vtso =0, 


(4.7) 


(4.8) 

(4.9) 

(4.10) 

(4.11) 
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but we already know that {[^1,3, T^], T^} = 0, for a = {i, m, a, d}, see flB.7D . Thus, 


9o\j)9o = - 2 ({[Af,T^] ,T„} + {[Af,T„] ,Ta)r7““ 

+ 5 ({1^2. r„] , r„} - {IJ2, Tj, TU >,“) 


(4.12) 


By lowering all the terms in the structure coefficients, we can see that the hrst term is just 
~ fial3fjap)V 

flB.5|IB.6p . which is 0. Thus, summing everything, we get 


aoLf^pg^ and the second term is proportional to the dual coxeter number, see 


(j) = 0. 


(4.13) 


For the antiholomorphic current we just obtain, using the same results as before, 

9o\9.Ji) + {Ji.9-")9o (4.14) 

9o\9j2) + {J 2 , 9 -^) 9 ^ = - [[Ji,T™],T„] 77”^"+ [[iV,T^],T„]r/™", (4.15) 

go\9. J 3 ) + {J3,9-")9o ={[JuTo.],Ts,}v^^ + {[J2,T„],T6K“ - {[N,T^],T^}g^^ (4.16) 

and using {[Ti,3, Ta ], T^} g°'’^ = 0 we see that doing the same as j, we arrive at (j) = 0. 


4.3 b ghost 


The pure spinor formalism does not have fundamental conformal ghosts. However, in a consistent 
string theory, the stress-energy tensor must be BRST exact T = {Q,b}. So there must exist a 
composite operator of ghost number —1 and conformal weight 2. The flat space fe-ghost was hrst 
computed in [3l] and a simplihed expression for it in the AdS^ x background was derived in 
|35] . In our notation, the left and right moving 6-ghosts can be written as 

6 =(AA)-^STr (a[J2, J3] + W, A}[A, Ji]) - STr (cnJi), (4.17) 

6 =(AA)-'STr (a[J 2 , Ji] + {J, A}[A, J 3 ]) - STr {uJ^} , (4.18) 

where (AA) = A^A^?]^^. 


Let us hrst compute the divergent part of the left moving ghost; we will need the results from 
fl(A143l) to fl(A153ll : 


(4.19) 


(6) =(AA)-'STr(A[J2, J3] + {cn, A}[A, Jij) - (AA)-^(AA)STr J3] + {cn, A}[A, J 
- (AA)-2((AA), STr f A[J2, J3] + {u, A}[A, Jij)) - STr(cn Ji), 


The (AA) term is easy. 


((AA)) 


A^A = 0; 


(4.20) 
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where we have used flB.7p . The {ojJi) term is also 0. The other terms are 


STr(A[J2, Js]) = - STr [A, T,]([[J2, T,], J3] + [J2, [J,.n])g 




= - STr [A, n [T,, [J2, = -STr [ 


A,T, 


,T,][J2,J3]^/*^ =0, (4.21) 


we used 


= 0) see flB.7p . The next term i 


IS 


ST1'{{i^.A}[A, Jil) = - SIV ({[a.,Ti], [A, r,|}[A, Ji| + {a>, |A,Ti]}[[A,T,], J,] 
+K|A,r.]}|A, [J..T,]])g« 

= - STV ({w, 1A,T.1}(K, |A, J,|] + 11A,T,1, J,| + |A, [JiTJI)) 

=0, (4.22) 


which comes from the Jacobi identity, see appendix B. The remaining terms are computed using 

A^[A^, = - [A^, = {A, Xyg,,, (4.23) 

thus 

((AA), STr (a[J 2, J3]) ) =STr ([A, {A, A}][J2, J3]) + STr (a[[J 2, J3], {A, A}]) = 0, (4.24) 
((AA), STr ({cn, A}[A, Jj)) =STr ({a;, [A, {A, A}]}[A, J,] - {[a;, {A, A}], A}[A, J,] 

+ [{^) -^l] [^■> J 1]) 

=2STr ({a;, [A, {A, A}]}[A, Ji]) = 0, (4.25) 

which is true due to the pure spinor condition. 

For (b) one needs to use the same relations from above. 


5 Conclusions and further directions 

In this paper we outlined a general method to compute the logarithmic divergences of local 
operators of the pure spinor string in an AdS^ x background. In the text we derived in detail 
the case for operators up to classical dimension two, but the method extends to any classical 
dimension. Although the worldsheet anomalous dimension is not related to a physical observable, 
as in the case of N=4 SYM, physical vertex operators should not have quantum corrections to 
their classical dimension. The main application of our work is to systematize the search for 
physical vertex operators. We presented some consistency checks verifying that some conserved 
local operators are not renormalized. 
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The basic example is the radius operator discussed in [35]. It has ghost number (1,1) and 
zero classical dimension. In our notation it can be written as 

1/ = Str(AA), (5.1) 

If we apply the pairing rules to compute (y) we obtain 

(y) = -I^7*^Str([A,T,][A,T,]) = 0, (5.2) 

where in the last equality we replaced the structure constants and used one of the identities in 
the Appendix A. This can be generalized to other massless and massive vertex operators. We 
plan to return to this problem in the future. 

A more interesting direction is to try to organize the dilatation operator including the higher 
derivative contributions. As we commented in the introduction, the difficulty here is that the 
pure spinor action is not an usual coset action as in |29l|30|. However, it might still be possible to 
obtain the complete one loop dilatation operator restricting to some subsector of the psu(2, 2|4) 
algebra, in a way similar as it was done for super Yang-Mills dilatation operator 
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A Notation and conventions 

Here we collect the conventions and notation used in this paper. We work with euclidean world 
sheet with coordinates {z,z). 

We split the current as J = A+K. We dehne K = J 1 + J 2 +J 3 € psu(2, 2|4) and A = Jq belongs 
to the stability group algebraic The notation that we use for the different graded generators is 
given by 

Jo=ry ; Ji = yy ; J 2 = JTy ; h = Jly. (A.i) 

The ghosts helds are dehned as 

X=X^Ta ; oj = -ojAV^^y ; A = A^T^ ; uj = uj^t]^^Tb. (A.2) 

® Although we did not use the K term in the main text, it will be useful from now on to use this term in order 
to pack several results. 
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The only non-zero Str of generators are 


Qij =STrTiTj, (A.3) 

rjmn =STrTmT„, (A.4) 

T]aa =STrT„TA. (A.5) 

For the raising and lowering of fermionic indices in the structnre constants we use 

/ma/3 = Vaaf^m and (A.6) 

and for the fa&i the rule is the same. For the bosonic case we use the standard raising/lowering 
procedure. 

B Some identities for p5u(2,2|4) 

Let A, B and C be bosons, X, Y and Z fermions, then, the generalized Jacobi Identities are 


[A, [B, C]] + [B, [C, A]] + [C, [A, B]] =0, (B.l) 

[A, [B, X]] + [B, [X, A]] + [X, [A, B]] =0, (B.2) 

{X, [X, A]} + {X, [X, A]} + [A, {X, X}] =0, (B.3) 

[X, {X, Zj] + [X, {X, X}] + [X, {X, X}] =0. (B.4) 

In this theory the dual-coxeter number is 0, this implies 

[[ATi],Tj]g'’ - {|Ar.l,n}>)““ + IKrml,r„].;’"" + =o, (b.5) 

||x, rj, r,] 9 « - |{A'. rn, + [|a', r,j. tj,,”*” + |{.n n], =o. (b.6) 


The Jacobi identity yields = 0 and = 0. This implies that 


= {[Ji,3,T„],Tar7““ = {[Ji,3, T^], =0, (B.7) 

[[a; + A + cJ -7 A, = [[^ + A + ch + A, T„], =0, (B.8) 

[{cj J- A J- cJ -|- A, Tq,}, = [{cj -|- A J- cJ -|- A, =0. 

Another useful property of this theory is the pure spinor condition Eq. 13.61 Using it, it is 

easy to prove that 


A, A, A 


- "4]±]=p - 9 


j =F 


(B.IO) 
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C Complete solution of the SD equation for the AdSf, X 55 
pure spinor string 

In this Appendix we apply the method explained in Section 2, and generalized in Section 3, to 
the AdS^ X superstring. Step by step, the procedure is as follows: 

1. Using an expansion around a classical background, g = goe^, we compute all the currents 
up to second order in X, 

2. Expand the action (I3.2p up to second order in X, 

3. Write down the Schwinger-Dyson equation for the model and compute the interaction 
matrix, 

4. Compute the Green functions in powers of 

5. Compute ((/>*, 0-^). 

The expansion of the currents was already done in fl3.7p . The remaining subsections are 
devoted, each one, to each of the steps listed above. 

We will drop the use of the boldface notation for the background helds in this section. All 
the quantum corrections come from either an x-term or a 5A, 5Cj^ -term. Thus, every 
held in Sint, the F-terms, the Green’s functions and in the RHS of the pairing rules should be 
treated as classical. 


C.l Action 


In fl3.8ll we showed the kinetic part of the expansion of fl3.2p and we promised to show the 
interaction part later, here we fulhl our promise. Up to second order in X the interaction part is 


Sint — 




d^z 


dx^X^J^fmaP + -X^X^J^J^fiaafj^pg^^ + - {Sx'^dx^ - BOx'^X^) 


+ Uafjmng^^ + 3 [j^Ji - fna^L/^^V 


4/3 


_ rf-arfOl 

^XlX^ 


J0 T0 _ rP yP f -f _L JP JP -L Jp' JP f f n 

^1^3 JmapJnap'l "'l "'S “T Jg Jia^jj^pg 


JP 






A3 


+ JTJo 


STA ( [JA! - y 4] + Jl}U,pn.f„ng‘’) + ^ (3*^4 


_ -f ^ _|_ /y 

0X2 OX^) J3 -h X; 




4- 

3 J ma.$ 
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+3 [Jf - Jr J2l + [3+ 5J^J^] ha&fjmng^^) 

- S\N^N^)g,, - x“ (6N^J^ + 6N^J^'^ + x^ (SN^JJ^ + 

- x“ (<5iVVf + ) fio^a - ^x“xf (iVV2”^ + iVV2"^) 

- ^x"x™ (^iVVf + iVVf j {fipmfqang^^^ + fiafifmfiiMV^^) 

+ ^ (5x“X 3 - X^^Xg) + ^X™ (^5X2 A^* + dx^N'-^ fimn 

- ix^xf (iVVf + n\4) 

+ \44 + N^J?) ^ (5x?x“ - x“axf) iV7*«a , 

with 

N^ = -UA\^g^4^SB^ 

TV* =Cj4S^^fl^, 

SN^ ={6u;aX^ + ujAS\44^fBw 
6N^={6u4^ + u^6x4g^^r^^, 

5\N^N^) =6N^5N^ - duASX^g^^+ N^du^dX^g^^f^^. 


(C.l) 


(C.2) 

(C.3) 

(C.4) 

(C.5) 

(C.6) 


The lack of covariant derivatives is, as explained previonsly, becanse the pnre spinor sigma 
model is anomaly free. This means that physical qnantities only appear in gange invariant 
expressions, thns the interchange 9 -H- V can be done at any moment in onr compntation. A 
more detailed explanation can be fonnd in Snbsection 3.2. 


C.2 Schwinger-Dyson equation and the Interaction Matrix 


The Schwinger-Dyson eqnation in momentnm space for fl3.2l) reads 

0 - 77 - 1 _ „ /^O.^ 

+ (C.7) 

o_ „mA 1 _ _ „mO 

=F W ^ ^ 

= - % i^ba + i3G“ + 7/G“. (C-11) 
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^ A _ * eA I * A ^ TP n 


EA 


A 

yBA 


2tt i 


- + ^FyPG^ 


where A = {a, m, a, a, a}- 

The interaction matrix is given by 


(C.12) 

(C.13) 


Fj:n{x,y) 


t 


iSi 


int 


y$E(^) 


(C.14) 


The directional derivative means that we compute the functional derivative of Sint with respect 
to <h^ acting from right to left. Because we are working in momentum space is useful to write 
also F in momentum space, for that reason the equation we work with is 


FMx, k)nx) = I “?(*'=!')/(!')■ 


(C.15) 


Note that the f{y) stands for the previous Green’s function and the exponential came from 
the Fourier Transform. The directional derivative has the same meaning as above. 

We organize the interaction matrix by the Z4 charge of its indices, and in the end we add the 
ghosts contributions. 


The hrst we compute the FaA terms of the matrix: 


Fay 


Fa 


aB 


F, 


aB 



= - J^ifk + - ^dJTf„^g - ^JiJi <;« 

+ 5 ('VVJ' + AVr) (C.16) 

=jf (ik + 8 ) + i (wf + 3Sjf) - i (SJJ Jj + (C.17) 

- 5 {jpt - yjl) + \ (iVVf - A'Jf) 

= - (tk + 8)- N'f,„g (ik + 9 ) + i (Jf j| - J?ji) 


+ \ {jSj! + 3J7J|) + \jTJi - fn^gf„x.g) A. (C.18) 

= - iXAJiAi = -Fb„, (C.19) 

= - = -Fi, (C.20) 

^<8^4Ai = -Fba, (C.21) 

= -Fi (C.22) 
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The terms of the F^a kind are 


F = 

J- mrv 


jf {ik + d) ^ (iVVf + iVVf) 

+ ^ + ^J2Jl) + I {J2Ji “ J^!) 


(C.23) 


Fmn —N^fimn {ik + (9) + fimn {^k + (9) 


i {J‘JS - J“4) {fn^0f„a^ + - 5-^2 4(/.p»./j,» + f.pJj„a)9-’. (C,24) 


-Jsfm&p i^k + 9) + - 


3 


+ i (3Jr j? + 5j,“J?) /.„4/,™„9« + i (ivv| + iV‘j| 


I) fp.0 + i - Jrm UpffnptF (C.25) 

ipm 


FmB — ^aJ 2 mn 

TA A \B jn A A 

^ m ^ 

rn A A 


— Fbuii 

_ _ \B jn aA _ P-B 

A ^2 ^ m"! 


P ^ _ A, ^ jn A A _ p. 

^mB ^A'^2 -A-b mn ^ Bmi 


Fj =\^JJ}A^ 


= 

2 -^B mn ^ m* 


(C.26) 

(C.27) 

(C.28) 

(C.29) 


The last contribution from the non-ghost terms is given by the Fah elements: 


Fi,p = - /V‘/i „4 (ifc + a) - Af'Ps {* + 3) - j [ji4 - 44) fn^nLaF" 

- \ [44 + 344) fmFF’ - A4 (/.poe/pifl - (C.30) 

=J|/„a9 (ik + a) + i (saJl + d4) - 5 (pjj - jFF U^6Lp.tF (C-3i) 


- 5 (3jf j? + Sjf J?) /.„4 W-- - i (vj| + N‘Jl) - /.2,p/„fe.r) . 

Fa0 — — F i^k + d) — 2^'4fma0 ~ ^4^ 


- 5 (Par + n-jt) (PpaPj - PaaPa) ’P. (c.32) 

F^b — — 9JaJiA^ — —Fb&, (C.33) 

F/ = - \‘>FAi = -F% (C.34) 

Pb =pa,M^ = -p^, (C.35) 

F&b ^F-FAi = -f4 (C.36) 


Finally we compute the pure ghost terms, and we save some trees by not adding the symmetric 
terms already listed: 

F/ =Af» = F% (C.37) 
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where we have defined 


F/ =uaX^A^/^ = F% 

(G.38) 

^BB ~^A^A^b ~b ~ ^bAi 

(G.39) 

n =^^^AKi = 

(G.40) 

=X^X^Aii = F^^, 

tSlD ‘ 

(G.41) 

F A =nX = fA 

B B B’ 

(G.42) 

aAA AC CAfi rj 

^BB Bj Tj J^^Qij , 

(G.43) 

iV| =u^X^A^^i, 

(G.44) 

K =^AX^Ki 

(G.45) 


C.3 Green functions 


With all the previous results, we begin the computation of the Green’s Functions as a power 
series in 1/k. We follow the prescription given in fl3.17l) . The Green functions are presented 
order by order, which makes the reading easier. 

The only contributions of order 1/k come from the ghosts propagators 


B _ 27r i ^ _ 
~ 

R^k^ 


-G 


B 

1 A) 


-G 


B 

1 A' 


(G.46) 

(G.47) 


For the 1/k^ terms, we have a contribution from the non-ghosts propagators 

27r 1 


^aa 


G 


\k\^ 

rn _27r 1 

2 |^|2 


V 


V 


2 5 


and another from the ghost interactions 


GJ = - i (F,^GJ) = = a 


^2AA ^ 


FacGiA 


27r 1 


B 

2 


UbUJb^AA ~ G2Aa^ 


r B _ p B 

^2A - ^ <-^ic 


|fc |2 


Ga inc. .4 


?B riC 


\k\^ 

R^\k\^^ <- 


2 Aj 


■'b^^aa 


2A^ 


(G.48) 

(G.49) 

(G.50) 

(G.51) 

(G.52) 

(G.53) 
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?BCr^ B 


G„ f = - ^ ( FfG? ) = = Gf 


A ^IC 


27r 1 

'w\k\ 

2tt 1 


\ A \ A 4 BB _ /^BB 

2 ^ ^ "^AA “ ^2 ) 


tB _ r^B 


i?2 A;2 


A ^2 A‘ 


(C.54) 

(C.55) 


At order 1 /k^ we have interaction between the non-ghost fields. We organize these terms in 
the same order as in the previous section, when Gao = cGoa, with c = ±1 we only list the first 
term. 

Using the given prescription, we find that the Gg^ terms are 


/^“/3 _ _ ^ _ I p /^PP \ _ _ " "2 f aa pp 

^3 |^|2 j ^2 |^|2 I fmapV V , 

77^*^ 27r 1 

^am _ / / rp ^nm\ ^3 / ^aa^mn _ /^ma 

^3 - |^|2 J - ^2 |^|2 I JnapV V - ^3 ^ 

/'p _27r Z /W ^ 

ry-t(^Zk PtT 7 

P'a __ J_ _t p ^1 A ^ Ti““__ n “ 

^3 A |^|2 [-^Ba^i a) ^2 |^|2 ^ ‘^B^A jSaV ^3A ) 

p^aB _ If IpAB\ _ ^ ^ '^1 \A A B „ao _ p-iBa 


27r i JJ" 


ipAB\ _ ^ \A A B ^aa _ /^Ba 

w &Gia ) - ’ 


3 ^ | A ;|2 1 i ?2 |^|2 ^ 


^B^A,pn^" = -G 3 


r^aB _ V°‘'^ ( TpAr^ b\ _2t^ i \A a B ^aa _ r^Ba 

G 3 — --G3 . 


(C.56) 


(C.57) 


(C.58) 


(C.59) 


(C.60) 


(C.61) 


(C.62) 


For the G™^ terms we find 


GT = -^, {F,vGT) = -- 


2ti i / iV® W* 


i?2 |A;|2 \ k k 


+ -T- 


27r i jf 


/^ma _ I {TP /^OLa.\ _ ^ _ /^am 

^3 — TTIF W"'^^2 )— ~B2Tlja~j7J'^^P^ V — '^s 


G m _ 

3 A ~ 


V-«rt-2 J i?2 |^|2 ■! ^3 

Ott 7 

(p P'S '\ _ _____ "^2 4 S „mn _ py m 

aJ — ^2 |y^|2 ^ ^S"^A np^ — ^3A ) 


74™” Ptt 7 F 

A^mB _ ' ( T?A B\ _ ^ ^2 \A A B ,ypnn _ /^Bm 


pym _ _ V_ ( P P'S '\ _ 27r i J 2 5 ri™” _ _P* ™ 

S A - |^|2 (,^Sa^i “ R2 |^|2 ^ i np^ “ ^3A ’ 


z^mB _ V 

^3-71 


p[nGj)=-~fX^Ap^pr = -Gr 


2tt i Jo 


2 \ A A B ,^mn /^Bm 


(C.63) 


(C.64) 


(C.65) 


(C.66) 

(C.67) 


(C.68) 
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The terms computed are 


Gf = 


271 i J. 


2 42 

^2 |^|2 ^ Jrnapri T] 


fiP 


„u:u 

G a _ I ( -p /^B \ _ 

3 A -JZn a) - 


'\k[‘ 


271 i Jg 


= -Gg/, 


G 


AB V 


>p 




271 i J. 


-■P 

^ r/““ = -Gf", 


i?2 |A;|2 ^ A /3a 


73"“ / 

/^a _ J_ _ ( p, 

^3 i “ |^|2 i 


277 i Jg 


G: 


n"" / 

i&B I I t^A ^ B 


_ r, , A B aa _ a 

i?2 |A;|2 A; ^B^A /3a^ ^3A ’ 

2p i J 3 7A A B ^aa _ r^Ba 
/3a^ - “'-^3 > 


i?2 |A;|2 k 


(C.69) 

(C.70) 

(C.71) 

(C.72) 

(C.73) 

(C.74) 


The G3 with only ghost indices are 
G^ac = 


271 i 1 

;t^b^dX Uf 


7?2 |A;|2 A; 


aBC aDB _ aBB aDC 
AA CC AC C A 


n B _ 

^■iA — 




G2.AA - 


277 i 1 


5^3 - 


B 

BB _ 2.77 i 1 

m\k\^k 


aDB aBC _ aDC aBB 
AC CA AA CC 


D aBB 


ubCj^N'^A 


A AD'’ 


G B 

^3A 


277 i 1 f i\tBi\ , . \A aBB i 1 _ \A]\tB aBD 

- [S^d Nj^JubX A^^ j ^2 ^^2 i^^bX Nj^A^^, 


CB — 
^3 A “ 


7?2 |A;|2A; 


i?2 |A;|2 A; 


B 


aDC aBB _ aDB aBC 

^aA ^cc ^ac ^cA 


G^ 


aBC aDB _ aBB aDC 
AA CC AC c A 


rB - 
^3 A 


R^jkj^k ^ 

277 i 1 (^B^ I A>S^ \A-, aBB I ^TT i atD aBB 

TP7 —TTP- 1 0^)17 + iV^) j A UqA^^ + ^^TT77^ — X UdN^A, 


Gr = 


7?2A;|A;|2 . 
277 i 1 


\k\^k 


■'B^'A^AD^ 


R^k\k[^ 


x-Bo I atB\ \A\A aBB I 2vr i ^ .A\A-atB aBD 

6nd + NjA]X X A^^ + — — -X X N^A^^, 


G 


3AA 


:—— - (-6^8 + n3 

R^\k\n\ + 


i?2 |A;|2 A; 

‘ Lbu^.nSA’’^ 


BB 

R^\k\H 


DA'’ 


r -B _ 


277 i 1 

WWk 


\BB 


-5-d + NB)X-u:^A\A 


277 i 1 


i?2 |A;|2 A; 


xTa- mb aCb 


G 


3AC 
B 


277 i 1 ^ ^ . 

:-Uf,Uf)X Ub 


7?2 |A;|2A; 


aCB aBD _ aBB aCD 

AA CC cA AC 


GsA = 




aBD aCB _ aCD aBB 

^cA ^AC ^aA ^cc 


(C.75) 

(C.76) 

(C.77) 

(C.78) 

(C.79) 

(C.80) 

(C.81) 

(C.82) 

(C.83) 

(C.84) 

(C.85) 

(C.86) 
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B _27r i 1 

R^\k\^kV^ 


riSp + K) + 




Gf« = 


27r i 1 


f + iV- ) + 


tB 


R^ \k\^k V^ 


3 A d 2 ;^3 \ "D 
27r i 1 


Gf^ 


i?2 \k\^k 


D 

A\C\A 


N- 


' R‘^\k\^k 
2n i 1 


CA' 


1 A \ A aBD 


AA 


i?2 \k\^k 

27r i 1 ^ aCaA 




aCB A BD 

^ac^cA 


aBBaCB 

^cc^aA 


X^X^X^ub 


aCBaBD 

"^AA^CC 


aBBaCD 

^CA^AC 


(C.87) 

(C.88) 

(C.89) 

(C.90) 


The l/k"^ terms are needed when we compute terms with two derivatives. Since we are not 
-i;-iu;-;iu (derivatives and at least one ghost held, we don’t list those Green’s 


computing anything with two 
functions. The terms are: 


^«/3 _ 27r 1 (f) jm r I imjAi 


Qa.m 




rr +I)""/'* 


-1 \ 


1 

'2 L 


-J^iV* + JfiV* 


(C.91) 


27r 1 


+ L^U&V 

1 




^mn^aa 


^ R^ \k\^k^ L 

^ h {idJi + s4) f^i, - t(3/v‘jf + /V-j|) {n,^f,^^rr - 

1 


7?2 |A;|4 

■1 [Sjf Jf + 3jf Jf] - I 




3jfjf + 5jfjf]A;3M/paAh^^ 


^ao _ 2^ 1 

^ “7?2|^|2^2 

27r 1 

271 1 


aa mn 

'I 'I ’) 


(C.92) 


,/aA 


-9iV7,AA - N^N^h^phPkri 




.fJ'k 




7?2 \kY 


- {n‘N> + /VW') + \jTJi {3U^Ui. + Unf^fi) r, 

-\ajI - h.ifmP’) - \a 4 {f..,fL0r + 3f.,4i,f,9 


(C.93) 


The GT^ Green’s functions are 


Qmn 


^4 
27r 1 


dN^hpq - N^N^UpfqsqV^ 


^nq^mp 
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(C.94) 


2tt 1 
2% 1 


[dN^U, - N^N^Upfjs,V^^] 


mp 


mp nq 


\k\ 


-rj -T] 


Upfjsgf^ + (UpUs, + UJjsp) 9 




^am 


2 

271 1 

L 

271 1 


(Jl Jg + Jg Jg ) (/qa/s/po^ + fpa/3fqaM V 


-,99 


-dJ^fna9 + {f^pnU9V^^ + fnp9Uc^V^^) 


^mn^aa 


\k\^- 


-- (3dJ^ + 5jf j fna9 + 2 [N^Jl + {hpnfga9V^^ + hapUpV^^) 


+ o fiapfjnpQ"'^ o (^’^2^3 + 3-^2'^s) 


nil 


^aa^nm 


(C.95) 


Finally, we list the G2^ term 


G ajS 

A 


271 1 

'W\k\^k^ 

271 1 


[dJTfma9 + JTN^ {fmanh9n - fm9nhan) 9^^ + J'iJUmanUuV'"'"] 


R^ \kY 


^dJ^fma9 + ^'Js'Js {fin»fj09 - fin9fji'»9"^) 




+ - ( ivvr - ivvr ) Um9phe.9 - fmcnhn) 


(C.96) 


The reason we don’t compute terms such as Gf™ is that we can deduce their contribution 
from the relation (dXdX) = d{XdX) — (XddX), as explained in section 2. 


C.4 Pairing rules 

We split the current in its gauge part Jq and the vielbein K: 

J = Jo + K, (C.97) 

K =Ji + J 2 + J 3 . (C.98) 

We also join the quantum fluctuations into a single term 

X = Xi X 2 x^. (C.99) 

The following is the list of all divergent parts up to two derivatives. The order of the results 
is: hrst terms with no derivatives, then the currents, then one X with one current, and hnally 
two currents. Finally, we list the pairing rules involving ghost helds. The dehnition of I in this 
appendix is I = — l/(2i?^e). 
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The non-vanishing terms with no derivatives are the ones given by the first term in the 
Schwinger-Dyson equation: 

(xi, xa) = and x^) = (C.lOO) 

Now we show the divergent part of the currents: 

{K) =(/?) = (N) = (N) = 0, (C.lOl) 

(A) = - ^ ({|iv,rd,r„},r - mXoW’i"" + |[iv,r.J,r„l>)’""), (C. 102 ) 

W = - ^ + ||iv,r„],r„],r”). (C.103) 

For one X with one current, we hnd that the simplest current is Jq 

{X,Jo)=-l[K,T^]Tkg^\ (C.104) 

{Xjo)=-l[K,T,]Tkg^\ (C.105) 

for the other currents we hnd 

{xu Ji) = - I[J2, {X 2 , Ji) = I[J3, T^] (a^s, Ji) =I[iV, T^] (C.106) 

{xi, Ji) =0, {X2, Ji) = 0, (xa, Ji) =I[iV,T^]T„77“^ (C.107) 

(xi, J2) = - l[J3,Tm]TnV^^, {X2, J2) = I[iV, (xa, J2) =0, (C.108) 

(xi, J2) =0, {X2, J2) = I[iV,T^]T„r/™^ (xa, J2) =I[Ji, (C.109) 

(xi, Ja) = - I[iV,T„]TAr/““, {x 2 , h) = 0, (xa, Ja) =0, (C.llO) 

(xi, Ja) = - I[iV,T„]T^r/“^ {x2, J3) = I[Ji, T„]T^ 77 “^ (xa, J3) =I[J2, (C.lll) 

Now we show the divergent part of two currents. The hrst group are the (Jo,-) terms: 

(Jo, Jo) =I[Ji, T^] [Ja, T„]- I[J3, T„][Ji, + I[J 2 , TJ [J 2 , (C.112) 

(Jo, Ji) = - I[Ji,T«][iV,T„]77““ - I[J 3 ,T«][J 2 ,TA]r/““ + I[J 2 , T^][J3, (C.113) 

(Jo, Ji) =-I[Ji,T^][iV,T,]77““, (C.114) 

(Jo, J 2 ) = - I[J 3 ,T„][J 3 ,TaK“ - I[J2,T^][iV,T„]77"^^ (C.115) 

(Jo, J 2 ) =I[Ji, Ta] [Ji, - I[J 2 , T^] [N, (C.116) 

(Jo, Ja) =I[J 3 ,T„][iV,T«]r/““, (C.117) 

(Jo, Ja) =I[J3, T„] [N, + I[Ji, n] [J 2 , + I[J 2 , T^] [Ji, (C.118) 

The (Ji, •) terms are 

(Ji, Ji) =-I([J2,T^][iV,T„] - [iV,T„][J2,T^])r/““ + [J3,T^][J3,T„]r/"^^ (C.119) 





(<^1, >^ 1 ) —0, 

(^1,^1) + i ([Ji,T,][Ji,T,] + [J,,n[J,,T^]) g 

+ I (-[^2, Ta] [iV, T„] - [J 2 , Td] [iV, T„] + 3[iV, T„] [J 2 , T^] - [N, T„] [J 2 , T,,]) 

(^1, ^1) = - l[dJ 2 ,T^]T^g^^ + i ([Ji,T,][Ji,T,] + [Ji,T,][Ji,T,]) g 

I 




(C.120) 

(C.121) 


(C.122) 


+ - [-[J 2 , n] [N, T„] - [J 2 , n] [N, T„] + 3[iV, T„] [J 2 , T„] - [N, T„] [J 2 , T«] j 77 ““, 

=I[iV,T„][J 2 ,T«]r/““ + [J 3 ,T^][J 3 ,T„]r/"^", (C.123) 

=0, (C.124) 


{jlj2) 

{Ju J 2 ) =l[5dJs - dJs,T^]TnV^^ + I {n[J 2 ,n][JuTa] + 5 [J 2 ,T«][Ji,T„]) 77 ^ 


i ( 5 [Ji,T,][J 2 ,T,] + 3 [Ji,T,][J 2 ,T,]) ^ ([iV, T,][J 3 , T^] + [iV, T«][J 3 , T^]) 

3 ,T^][iV,T„] - [J 3 ,Tj[iV,T„]) (C.125) 


I 

+ 2 

{Ji, J2) = - ^[3dJ3 + dJs,T^]TnV^^ + ^ {[J2,n][Ji,T^] - [J2,n][JuT^]) 

O O 

+ ^ (5[Ji,T,][J2,T,] + 3[Ji,T,][J2,T,]) 1 (3[iV,T,][J3,T^] - [iV,T„][J3,T^]) r/““ 

+ ^ ([J 3 ,T^][iV,T„] + [J 3 ,T^][iV,T„]) 77™^ (C.126) 

(Ji, J 3 ) =-I[iV,T,][iV,T^]7/““, (C.127) 

(Ji, J 3 ) =-I[iV,T„][iV,T^]7/““, (C.128) 

(Ji, J3) = - I ([iV, T,] [iV, n] + [N, T„] [iV, T^]) 7 /““ + i (3[J2, Ta] [J2, TJ + 5[J2, T^] [J2, T«]) 7/““ 
+ ^ (5[J3 ,T^][Ji,T„] + 3[J3 ,T^][Ji,T„]) 77”^" + i ([Ji,T,][J 3,T,] + 3[Ji, TJ [J3, T,]) g^\ 


(C.129) 


(Ji, J 3 ) = - I ([iV, T„][iV, Ta] + [iV, T„][iV, Ta]) 7 /““ - J ([J 2 , Td] [J 2 , TJ - [J 2 , Ta] [J 2 , T„]) 77 ° 


+ 7 ([-/s, T^] [Ji, T„] - [J 3 , T^][Ji, T„]) r/™" + 7 ([Ji, T,][J 3 , T,] + 3[Ji, TJ [J 3 , T,]) g 


(C.130) 


We present the (J 3 , •) terms before the (J 2 , •) due to their similarity with the (Ji, •) terms: 

(J 3 , J 2 ) =0, (C.131) 

(J 3 , J 2 ) = - I[iV,TA][Ji,T„]77““ - I[Jl,T^][iV,T„]77"^^ (C.132) 

(J 3 , J 2 ) =^[5.9Ji - dJi,TjT7777’"” - i ([Ji,Tj[iV,T„] - 3[Ji, T^][iV, T„]) 77 ™” 
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+ ^ {[N, Ta] [Ji, T„] + [N, T«] [Ji, T„]) ^ (3[J3, T,] [J^, T,] + 5[Js, T,] [J^, T,]) 


- \ (5[J2,T,][J3,T^] + 11[J2,T,][J3,T^]) 77“^ (C.133) 

o 

(Js, J 2 ) = - ^[3aJi + 9 Ji,T^]T„ 77™" + i ([Ji,Tj[iV,T„] + [J^,Tr^][N,T^]) r/™" 

+ ^ (3[iV,T^][Ji,T«] - [iV,TA][Ji,T„]) 77““ + i (3[J3,T,][J2,T,] + 5[J3,T,][J2,T,]) .7*^' 
+ T ([■^2,T„][J3 ,T,,] - [J2,T,][J3,Ta]) (C.134) 

O 

(J3,J3)=0, (C.135) 

(J3, J3) =I ([J2,T„][iV,T^] - [iV,TA][J2,T«]) 7 /““ + I[Ji,T™][Ji,T„]7/”^^ (C.136) 

(^ 3 , h) = - \[dJ2^T^]Ts.t^ + ^ ([J3,T,][J3,T,] + [J3,T,][J3,T,]) . 7 *^' 


+ \ (-[iV,TA][J2,T,] - [iV,T,,][J2,T„] + 3[J2,T„][iV,T^] - [J 2 ,T„][iV,T^]) 7/“^ 

(C.137) 

(^ 3 , J 3 ) =^[5J2,TJT^7/““ + i ([J3,T,][J3,T,] + [J3,T,][J3,T,]) (7*^' 


+ ^ (-3[iV,T^][J2,T,] + [iV,T^][J2,T„] + [J2,T„][iV,TA] + [J 2 ,T,][iV,T^]) 7 /““ 



(C.138) 

Finally, the remaining (^2, •) terms: 

(J2,J2) =l[N,T^][N,T^]g^^, 

(C.139) 

{J 2 J 2 ) =I[iV,T^][iV,T„]7/"^^ 

(C.140) 

(J2, J2) = - I {[N, T^] [iV, T„] + [N, T^] [iV, 

) J)”” + ^ ([72,rj[72,r,l + [J2,T,][.h,T,]) g» 


- ^ ([Ji,T,][J3 ,T^] -3[J3 ,T^][Ji,T,] + 3[Ji,T„][J3 ,T^] - [J3, T^][Ji, T,]) 77““, 

(C.141) 

(J2, J2) = - I ([iV,T™][iV,T„] + [iV,T^][iV,T„]) 7/"^" + i ([J2,T,][J2,T,] + [J2, T,][J2, T,]) 

+ ^ ([J3,Ta][Ji,T„] -3[Ji,T„][J3,T^] + 3[Ji,T„][J3,Ta] - [Ji,T„][J3,T«]) 77 ““. 

(C.142) 

The terms involving ghost helds that have vanishing anomalous dimension are 

{X,N) = {X,N) = {u,\) = {u,\) =0, 

{u;,J) = {X,J) = {u,J) = {X,J) =0, 
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(C.143) 

(C.144) 



(a;, Jo) — (A, Jo) — (J, Jo) — (A, Jq) —0 , (C.145) 

(w, AT) = (A, N) = (J, N) = (A, iV) =0, (C.146) 

{J,N) = {J,N) =0. (C.147) 

The expressions involving two ghosts and no derivatives are 

(a;, A) = - I[a;,T,][A,T,]^*^ (A, J) = -l[X,T,][u,T,]g^\ (C.148) 

{u,u)=-l[u,Ti][Cj,T^]g^^, (A, A) = -I[A, T,][A, (C.149) 

For one ghost and one cnrrent, inclnding the ghost cnrrents, 

{u;,K) = - l[u,T,][K,T^]g^\ {u,K) = -l[u,T,][K,T^]g^\ (C.150) 

{X,K)=-l[X,T,][K,T,]g^^, {X,K) = -l[X,Ti][K,T,]g^^, (C.151) 

{u,N)=-l[u,T,][N,T,]g^^, {u,N) = -l[u,T,][N,Tj]g^=, (C.152) 

(A,iV) =-I[A,T,][iV,T,V^ {X,N) = -I[A,T,][iV,T,]^7*j (C.153) 

Finally, the terms with two cnrrents, with at least one ghost cnrrent: 

(^,iV) =-I[iF,T,][iV,T,V^ (C.154) 

{K,N)=-l[K,T,][N,T,]g^^, (C.155) 

(TV, TV) = - l[N,Ti][N,T,]g^^. (C.156) 
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